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Reminder: Support Vector Machines
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Find an optimal separating hyperplane, such that |w ' x; — b| > 1.
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Logistic regression for binary classification

For linear regression, we again define a linear model:

z= 0o+ Bix1+ ...+ Bpxp = BT x, with x = [1,x1, ...,xp]T

This linear model acts as a separator for the 2 classes: y € {0,1}

BTx=0

BTx<0
y:

X1
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Back to the Bayesian classifier

Bayesian rule for two classes w; and wy

f(x|w1)P(w1)

F(xlw2)Plea) ~

exp [—%(x — ml)Tzl—l(x — ml)] P(w1) -0
exp [—%(x — m2)T2§1(x — mg)] P(wp) —

In the Gaussian case with 31 = 35 = 3, one obtains

1

* _ T _
d*(x) = w1 e o(B x) = o FTx <0.5
with
1 o 1 ;o 1 ;o P(w1)
T Ty-1 Ty-1 Ty-1
= X'y - IS my - ml s In | 2/
B x 5 X (my m2)+2m1 my— - m, my +1In [P(wg)]
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Logistic regression for binary classification

The sigmoid or logistic function is defined as:

1
1+ exp(—2)

a(2)
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Logistic regression for binary classification

2D case where data is linearly separable:

hg(x) = o(Bo + Brx1 + Pax2)

o We predict § = 1 if By + f1x1 + Baxa > 0= o(B7x) > 0.5
o We predict § = 0 if By + f1x1 + Boxe <0< o(B7x) < 0.5
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Logistic regression for binary classification
How to estimate 3 in this framework?

Let D = {x(l), ...,x(")} be our training set, with n examples:
NG
xD =1 : | eRPand y) €{0,1},Vi € {1,..,n}
NG
and the model is defined by the sigmoid function:

Py =1|x;8) = o(Bx) = Hel—,eTx

One can define the following classification rule
e Predict y =1if o(B37x) > 0.5
@ Predict y =0if o(B87x) < 0.5
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Logistic regression for binary classification

We define an objective function that we want to minimize:

15 iy, )
J(B) = p ;Ioss (hg(x ),y )

The loss function should be small when hg(x(i)) is close to y() and large
otherwise.

We want to estimate:

B* = argmin J(B)
B
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Gradient Descent
J(B)

5 BRBWL 300}

Algorithm: Gradient descent (D, )
Initialize 8% - 0, k + 0
WHILE no convergence DO
FOR j from 1 to p DO
k+1 k {k}
ﬁ} +1} <—ﬁj }_aa-/(aﬁj )

8
END FOR
k+— k+1
END WHILE
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Logistic regression for binary classification

Back to our problem:

1 L
B = argﬂmm - ; loss (hg(x(’)),y(’))

One could use for example the squared error:

foss <hB(X(i))’y(i)> - % <hﬁ (x(i)) N y(i)>2 - % (1 + eiﬂTx(") - y(i)>2

Unfortunately, this function is not convex which means the minimum that
can be found with gradient descent is not necessary global!
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Another idea: maximum likelihood estimation

Assuming that

1

P(Y: =1|x;8) = o(B"x;) = Tref™

= ha(xi)
and

P(Yi =0lxi; 8) = 1— P(Yi = 1|x; B) = 1 — hs(xi),
the likelihood of the vector yi, ..., y, can be written

n

Ly1, . yni B) = H P(Y: = yilxi; B) = [ [ [hs (x)" [1 = hs(x)]' ™.

i=1
Thus the negative log-likelihood is

n

—In[L(y1s sy B = Y —yiln[hs(x)] — (1 = yi) In[L = ha(x)],

i=1
We would like to maximize the likelihood of observing the training samples, i.e.
minimize the negative log-likelihood.
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Logistic regression for binary classification
We introduce the logistic loss function (or binary cross entropy)
defined as:

[ =Inlhs(x)]ify =1
foss{hs(x),y] = {_ In[1 — hs(x)] ify =0

= —yln[hg(x)] = (1 = y)In[1 — hg(x)]

—log(1 — hs(x))

00 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
ha(x) ha(x)

This loss function is small when y =1 and hg(x) is large and when y =0
and hg(x) is small, i.e., when there are few classification errors!
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Logistic regression for binary classification

The objective function J(3) can be written:
1 <& . ) ) .
—=-N"_,0 MYy — (1 — y® _ (0
J(B) = > =y D in(hs(xD)) = (1 = yD)In(1 = hg(x)).

i=1

This function is CONVEX !

— We can use gradient descent to find its minimum.
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Logistic regression for binary classification

Gradient descent requires partial derivatives to be computed:

g_;j B 8%1 : Z{ yDin(hs(x)) — (1 — yD)In(1 — hg(xC )))}
= - Z{ hﬂ(x( ))) (1- y(i))aiﬁj In(1— hﬂ(x(i)))}

~ Z [hﬁ(x(i)) - y(i)} XJ-(i) (all computations made)
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Comments on the previous slide

In order to compute 8%}, In(hg(x)), we define z = B7Tx, u=o(z) and
v =In(uv)

0 0T
8_@-'“[/75()()] = 95 In(c(B" x))
= @@2 chain-rule
Ou 0z 0B;

— %0(2)(1 —o(2))x since o'(z) = o(2)[1 — o(2)]
= (1= hs(x))x

Similarly, we prove 8%,- In(1 — hg(x)) = —hg(x)x;
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Logistic regression for multinomial classification

How to proceed with k > 2 classes ?

We define the softmax function:

b= i) = =
Ply=ix.)= —
Zjl'(:l S
For a sample from class j, we define a one-hot vector y of dimension k
such that
0ifi#j
yi = . (2)
1 otherwise
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Logistic regression for multinomial classification

For each sample x(), we can predict its probability to belong to each of
the k classes.

p(y) = 1[x1); B) Sk
p(y® = 2|x(); B) 1 B x1)

e'BkTX(i)
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Logistic regression for multinomial classification

The objective function can be written as:

no ok BT x()

1 ; e

JB) == > 1D =j)n [—T()] - (3)
4= Zle efi x

Its gradient is:
1~ i _ - N _
Vi d(8) = = S %D [I6 = j) - PyD = jixV; g)]
i=1
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Artificial Neuron

Dendrites € Axone

Figure: Structure of biological and artificial neurones
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Artificial Neuron

An artificial neuron is defined as a triplet of synaptic weights w, bias b
and activation function f.
The activation a of a neuron answering to an input x is:

a="f(w'x+b)
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Neural network: Single-layer perceptron

X1 ——

X3 ——

WX}" by

A single-layer perceptron is in fact a little bit more general and can be
composed of several neurons assembled in a single layer (p = 4 is the data
dimension, and K = 5 is the number of classes).
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Neural network: Single-layer perceptron

N
X] — —
.
X2 ———
x € R* —— 73 yER’
X3 —
O n
X4 —

T Y
W,. b,

The perceptron computation is implemented as a matrix product:

y=f(Wyx+by)
where f is an activation function
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Neural network: Single-layer perceptron

ny c R5><4

|
X € R4xm @ @A—-HA’GRW’"
[

b, € R®

Another representation of the single-layer perceptron for prediction and
classification.
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Single-layer perceptron

Activation functions, denoted as f, can often be decomposed in three
subdomains, as for sigmoid functions below.

@ a non-activated part, below a certain threshold;
@ a transition part, in the threshold neighbourhood;

@ an activated part, above the threshold.

Y
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Single-layer perceptron

Algorithm 1 Single-layer perceptron training

@ Initialization of weights W>}{y0} and biases bj{,o}.

@ Presentation of a set of inputs x(1), ..., x(") and corresponding
outputs y(), ., y(")
© Model prediction and objective function computation:

Ok — £( Wx{yk}x(’.) + b}k}) et J= Z loss(y (kY y (1))
i=1
© Parameter updates

(k1) _ p iy 0 (k+1} _ (0
W,y =W, - 78 w, , and by = by aby

where « is the learning rate (0 < a < 1).
@ Loop to 2 until convergence (i.e., (K} ~ y(),
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Visualization

https://playground.tensorflow.org/
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DATA

Which dataset do
You want to use?
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test data: 50%

Noise: 0
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Epoch
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Which properties do
you want to feed in?

Axel Carlier, Jean-Yves Tourneret

Learning rate

003

Activation

Tanh

Regularization

- Nonme

2 HIDDEN LAYERS

The ouputs are
mived with varying
weights, shown
by the tickness of
the lines

Regularization rate Problem type

0

~  Classification

OUTPUT

Testloss 0.530
Training loss 0.515

data, neuron and
weight values.

Colors shows
_— | —
1 0

[ showtestdata [ Discretize output



https://playground.tensorflow.org/

	Logistic regression
	Single-layer perceptron

